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1« Introduction
In any automatic tracking (and con tro l) system, the s ize  o f the com­
puter’ s memory is  o f c r i t i c a l  importance« The memory should be a t le a s t  
la rge  enough to take care o f the maximum number o f  actual tracks-» which 
the system is  to  handle, but th is  number is  c e r ta in ly  a lower bound, since 
noise w i l l  en ter in to  the system, and some, perhaps many, noise tracks w i l l  
be carried  in  the memory. 3h actual systems the number o f  noise reports 
per scan is  o ften  o f the same order o f  magnitude, and frequen tly  exceeds, 
the number o f s ignal reports per scan* Thus the maximum number o f  rea l 
tracks may be a very  crude estimate o f  the to ta l number* A deta iled  
examination o f the processes o f track formation (b ir th ),  track maintenance 
( l i f e ) ,  and track scratching (death) appears to  be necessary in  order to 
obtain a r e lia b le  estimate o f  the to ta l number o f tracks, and thus o f  the 
s ize  o f the memory*
The purpose o f th is  report i s  to present the resu lts  o f  a study o f 
b ir th  and death processes o f tracks* I t  Is  shown that under certa in  con­
d itions the noise track population reaches an equilibrium value, and that 
the equilibrium value is  r e la t iv e ly  small* I t  fo llow s from these resu lts 
that an automatic tracking system need not be saturated by noise, and that 
reasonable memory capacities  can be s u ff ic ie n t  fo r  e f fe c t iv e  tracking*
These statements w i l l  be made precise in  la t e r  sections o f th is  report*
Most o f  the assumptions which are made throughout the report w i l l  
be l is t e d  and discussed in  the next section . Sec. H I  contains a treatment
* i* e *  tracks o f genuine a ir c ra ft ;  the terms " r e a l tracks" and "s ign a l 
tracks" w i l l  also be used w ith the same meaning.
C O N F I D E N T I A L
!t9 -V 37 C O N F I D E N T I A L
o f b irth  processes; death processes are treated  in  Sec. XV. Some b ir th  
and death processes are studied in  Sec. V, and a pa rticu la r b ir th  and death 
equation is  singled  out fo r  study in  Sec. V I. S ignal to noise improvement 
is  in vestiga ted  in  Sec. V II and the en tire  theory is  re-cast in  Sec. V IH .
A summary o f resu lts  i s  given in  Sec. IX .
Frequent reference w i l l  be made to  Nordsieek1 s proposal1 fo r  an auto­
matic tracking and con tro l system. I t  was a consideration o f  his proposal 
which led  to  the present work.
n .  General Considerations
We consider an automatic tracking system that consists o f a network 
o f radars, data processors a t the radars, a set o f communication links 
which transmit d ig ita l iz e d  data obtained from the data processors, and an 
automatic d ig ita l  tracking computer. The system is  to  track a ir c ra ft  whose 
speeds are in  the 100-600 mph range.
The essen tia l purpose o f the en tire  system is  to  furnish accurate 
up-to-date information concerning the tracks o f rea l a irc ra ft#  A necessary 
consequence o f th is  statement is  that w ith lim ited  time and computing 
f a c i l i t i e s  ava ilab le  the system must discrim inate e f fe c t iv e ly  between rea l 
tracks and noise tracks.
a) The Bin
The range, azimuth and height resolu tion  o f the radars set lim its  
to  the pos ition  in  space to  which an a ir c ra ft  can be assigned. Further, 
the radars may have M .T .I .,  and hence lim its  to  the v e lo c ity  assignments 
may exist# The "reg ion  o f  uncertainty" in  phase space w i l l  be termed a 
"radar b in ". The process o f d ig ita l iz in g  the radar data e f fe c t iv e ly
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quantizes the phase space under surveillance* Whatever the radar, or 
quantizing bin s izes are , the computer w i l l  work with some ch aracteris tic  
region o f phase space, termed a "b in ", here assumed to  be o f constant size#
b ) Report Rate
The functions o f  the radars, the data processors, and the communi­
cation  links may be summarized by s ta tin g  that the presence o f  an ob ject 
in  any b in  is  properly  noted and reported to the computer, together with 
any other information deemed pertinen t, such as the strength o f the return# 
I t  is  convenient, but not essen tia l, to  suppose that the reports a rrive  
at a constant ra te ; thus in  unit time, termed a "scan tim e", or "scan", 
a constant number o f reports, N, w i l l  be given the computer# I f  N»p be 
the to ta l number o f bins under su rveillance, then a fu rther assumption is  
that N «  N»p#
As an example, in  Nordsieck* s proposal the area under surveillance 
is  roughly a square £00 m iles on a side, the b in  is  a square 1 m ile on a 
side and the maximum number o f  reports per scan is  1000. Thus N«p s 2£ x 
10^, and N = 1000.
c ) Track Independence
The computer uses a report e ith er by s ta rtin g  a new track, con­
tinu ing an a lready ex is tin g  track , or by ignoring the information# (These 
functions w i l l  be discussed more fu l l y  in  la te r  s ec tion s .) Cases o f 
ambiguity can, and do, a r ise , namely where a report may be assigned to any 
one o f  a number o f tracks which cross, o r come close to  each other# These 
ambiguities are ignored here. In  e f fe c t ,  i t  is  supposed that every track 
i s  independent o f every other track, o r, equ iva len tly , that no track in te r ­
acts w ith any other track#
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X t is  true that under some circumstances the in teraction  o f tracks 
may lead to  complicated branching processes which requ ire more memory than 
the o r ig in a l se t o f  tracks; th is  would c e r ta in ly  be expected when N is  o f 
the same order as Hy. I f ,  however, the track density i s  low , and i f ,  when 
ambiguity a r ises , a report is  assigned to  ju s t one o f  the possib le tracks 
to  which i t  could be assigned*, then i t  seems l ik e ly  that the p rob ab ility  
o f  death fo r  these tracks should be increased. I f  the death ra te  increases, 
then the memory requirements decrease. Hence one might expect that track 
in teraction  would decrease memory requirements, f o r  the cases treated here.
d) Constant Association  Begion
Suppose one has a report which appears in  a given b in , and which 
cannot be assigned to  any p reviously  ex is tin g  track. (See F ig . 1 ) The 
report i s  assumed, fu rth er, to  be o f s u ff ic ie n t  strength to be considered 
as in it ia t in g  a track. (A point to  be discussed l a t e r . )  In  the absence 
o f  any information concerning the v e lo c ity  o f  the a ir c r a ft ,  any report which 
appears, during the next scan, in  any b in  w ith in  a proper region w i l l  be 
taken as a continuation o f the track. The question a rises , what is  the 
s ize  o f the proper region? In  order to  get some fe e lin g  fo r  the situation  
we choose some sp ec ific  numbers, applicab le to  Nordsieck*s report.
I f  the a ir c ra ft  f l i e s  in  a s tra igh t l in e ,  and has a maximum speed o f 
600 mph then in  l£  seconds (taken as the scan tim e), the a ir c r a ft  w i l l  have 
tra ve lled  2.£ m iles. The bin is  taken as a 1 m ile square. Thus, because 
o f quantizing, and d ig ita l iz in g  errors and radar reso lu tion , the next 
report o f the a ir c ra ft  can be expected to  be some 2-1* bins away, a t most,
♦This is  the proposal made in  R-3i>.
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FIGURE I. A REPRESENTATION OF THE POSSIBLE 
INITIAL REGION OF ASSOCIATION.
TH E AIRCRAFT IS FIRST REPORTED IN TH E CENTER BIN. THE 
NEXT REPORT MAY APPEAR IN ANY BIN WITHIN TH E REGION 
SHOWN.
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from the o r ig in a l b in . I f  one assumes that the minimum speed o f the a ir ­
c r a ft  i s ,  say, 12^ raph, then the a ir c ra ft  w i l l  have moved about 0.6 mile 
in  a scan time, and i t  is  possib le that the second report w i l l  coincide w ith  
the f i r s t .  The proper region is  thus a region about as shown in  F ig . 1, 
w ith the maximum la te r a l  dimensions some 6-8 m iles.
An estimate o f the v e lo c ity  i s  possib le a fte r  the second report. Thus 
the area where the th ird  report can be expected to occur is  smaller than 
the area o f  the f i r s t  proper region . A s t i l l  more precise estimate o f v e lo c ity  
a ft e r  the th ird  report leads to a smaller area, e tc . The minimum area, 
a f t e r  tracking has occurred fo r  many scans, i s  not, however, one b in  s iz e ,  
since the azimuthal resolu tion  o f most radars is  usually worse than 1 m ile 
at long range, and quantizing and d ig ita l iz in g  errors, as w e ll as (random) 
accelerations o f  the a ir c ra ft  i t s e l f  l im it  the p recis ion  o f  the v e lo c ity  
determination. One would expect the minimum area to  be 2-6 bin s izes  in  
many cases.
The point o f the above discussion is  that the area o f association  is  
not usually considered to  be a constant. In  fa c t ,  when a report does not 
come in  fo r  an a lready established track then the association  area i s  in ­
creased fo r  the next scan. Hence the area o f association  increases and 
decreases.
A major assumption made here is  that the area o f  association  is  a 
constant.
e ) Constant P rob ab ility
The p rob a b ility  o f  obtaining a report in  any given bin whether 
that o f a s igna l or o f noise, is  a function o f the bin*s distance from the 
radar ( i f  the bin  is  a region in  3-space), the methods o f detection , and
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a number o f other fa c to rs » I t  is  not, in  general, a constant, but w i l l  
be assumed to  be one constant fo r  noise, and another constant fo r  a s igna l.
Assumptions (d ) and (e )  may be combined under one assumption, namely 
that the p rob ab ility  o f obtaining an association  has a constant value fo r  
noise, and another constant value fo r  s ignals . I f  %  is  the number o f  noise 
reports per scan and N^ * the to ta l number o f bins, then Pjj, the p rob ab ility  
o f obtaining a noise report in  any b in , Is  a constant equal to  %/N*j*o 
S im ila r ly  i f  Pg is  the p rob ab ility  o f  obtaining a signal report in  any 
bin , and Ng is  the number o f s igna l reports per scan, then Pg s % /%  
fo r  a l l  b ins.
f )  Two Bias Levels
The radar return o f an a ir c ra ft  is  not o f constant in ten s ity , 
but w i l l ,  because o f s lig h t  changes in  aspect, vary over many db. Noise, 
as i t  appears in  the output o f  the radar rece ive r, does not have the same 
p rob ab ility  d istr ibu tion  fo r  the amplitude as does a s ign a l, and hence the 
d ifferences in  p rob ab ility  d istr ibu tion  may be exp lo ited  to  discrim inate 
between signals and noise. The simplest te s t ,  aside from a d e te c ta b ility  
c r ite r io n  ( i . e .  a method fo r  deciding whether a s ignal is  present or absent) 
is  a bias c r ite r io n  above the d e te c ta b ility  c r ite r io n . Eetums which, 
having passed the d e te c ta b ility  c r ite r io n , exceed some c r i t i c a l  amplitude, 
are said to be above the second bias le v e l .
We can introduce the probabilities as follows§
( ? N  "  p rob ab ility  that i f  a noise return has passed the d e te c ta b ility  
c r ite r io n  i t  w i l l  be above the second bias le v e l .
¿p jj i s  the conditional p rob ab ility  o f exceeding the second bias 
le v e l  i f  the report has exceeded the f i r s t  bias le v e l .  Q  ^ can thus be
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considered to be the fra c tion  o f  noise reports which are above the second 
bias le v e l .
S im ila r ly  dp g can be in terpreted  as the fra c tion  o f  s ignal reports 
which have exceeded the second bias le v e l .
H I .  B irth  Processes
The in it ia t io n  o f  a track is  a somewhat a rb itra ry  procedure, since 
i t  is  a question o f  d e fin it io n  as to  when a track "beg ins*. We sha ll 
in vestiga te  three somewhat d if fe r e n t  b ir th  processes in  th is  report. In  
th is  section  the simplest possib le c r ite r io n  w i l l  be used fo r  b ir th , namely, 
that an unassociated report constitu tes the beginning o f a new track; the 
track appears immediately as a member o f the population. In la t e r  sections 
(p a rticu la r ly  when discussing the f -  and g-schemes) a more complicated view 
is  adopted. There a track i s  subject to  a period o f gestation  before emerging 
as a bona f id e  member o f the track population.
The assumption that tracks are independent jj(e) in  Sec. I l ]  allows 
us to  tre a t  the noise and the s ignal tracks separately . We sh a ll there­
fo re  drop the subscript notation  (u n t il we consider s ignal to  noise improve­
ment) and tre a t ju s t one class o f tracks. The numerical examples, and the 
discussion, usually w i l l  be confined to  the noise case, however.
a) S ingle  Bias Level
Using the assumptions made in  the previous section , we say that 
a track is  in it ia te d  by a report in  any bin. I f  the next report i s  in  an 
appropriate area, then the track w i l l  be continued, e tc . Let oi be the 
constant number o f bins in  which a report can appear that w i l l  serve as 
an area o f  association .
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Let V / V i )  be the average number o f tracks carried  by the com­
puter at the end o f scan ^ 2, , be the (constant) number o f noise reports
per scan, and yO the (constant) p rob ab ility  o f  a report appearing in  any
bin*
Then our b irth  equation may be w ritten  as
>>(a )  ~ JJ(a - i)  +  V -  U p  ( s i  * / ) ,
Which, in  words, is  that the number o f tracks a t the end o f scan is  
equal to  the number o f tracks a t the end o f scan (/l -/J plus the number o f 
tracks bom during the la s t  scan* Those bom  are those unassociated, 
namely / K -  o i p v
L e t ^ r o i ^ j  j Q  i s  the p rob ab ility  o f an association* Then Eq* (1 ) 
can be w ritten  as
We can consider that the system starts  a t scan 0, w ith M • The
general solu tion  o f  Eq. (2 ) w ith ¿ f a ) r  /V  is  given by
Thus the lim itin g  case
im plies that the en tire  region is  covered w ith tracks (s in ce  every a va il­
able region contains a tra ck ); under these circumstances our analysis 
breaks down* This resu lt does have one important consequence, however: 
i t  establishes the existence o f  a f in i t e  upper bound fo r  a l l  other cases 
treated  in  th is  report*
( i )
(2 )
(3 )
C O N F I D E N T I A L
1*9-12/37 C O N F I D E N T I A L
b ) Two Bias L eve l
A track w i l l  be in it ia te d  only when the report is  s u ff ic ie n t ly  
strong» i . e .  exceeds the second bias le v e l .  An association w i l l  be made 
whenever a report comes in , i . e .  exceeds the f i r s t  b ias le v e l .
We then have, as our b ir th  equation
The solu tion  o f  Eq. (U) w ith jS/t) j  s  / /  i s
jjM -  ~ar f '- 0 -/3 $ )* * '} . ™
As before ¿ f a )  ~ * 7 5 ~  M tm  • Thus the asymptotic value
fo r  ¿ f a )  i s  the same fo r  Eq. (3 ) and Eq. (£ ),  the lim its  being approached 
more slow ly fo r  Eq. (£ ) ,  when ^ ¿ 7 , than fo r  Eq. (3 )
c )  Continuous B irth  Process
Let us consider a continuous process as an approximation to the 
d iscre te  processes considered thus fa r .  We l e t / j r f * J  be the "number" 
o f tracks a t any time it  , Q  be the "number" o f  reports per un it time, and 
C *  the fra c tion  o f associated reports per un it time. We then have the
analogue o f  the previous equations in
e, -  < * ,* /* ) (6)
and the in i t i a l  condition
The solu tion  o f  Eq. (6 ) subject to the in i t i a l  condition is
The ra tio y
(7 )
plays the same ro le ,  and has the same in terp re ta tion  as
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IV . Death Processes
The c r ite r io n  used fo r  b ir th , namely the appearance o f a s u ff ic ie n t ly  
strong report, is  a simple and perhaps even a "natural” one; the death 
processes considered in  th is  report are a n a ly t ic a lly  more complicated than 
the b irth  process. The add itional complication is  understandable since 
i t  is  necessary to take in to  account the "age d istribu tion ” o f the popula­
tion  in  computing the death ra te , a complication which does not a r ise , or 
at le a s t  can be ignored, when discussing b ir th .
Only a verbal discussion o f  death w i l l  be given in  th is  section . The 
mathematical d e ta ils ,a re  brought fo r th  more c le a r ly  when considering b ir th  
and death processes, and th is  w i l l  be done in  the next section .
Consider a track which has been carried  in  the conçuter fo r  a long 
time, and which has had an association  a t every scan since b ir th . This 
track would c e rta in ly  be judged to be a vigorous member o f the population 
whatever c r it e r ia  one uses. Now suppose that on the next scan the track 
does not have an association . One would hardly discard the track a fte r  
one non-association. I f ,  however, a long sequence o f non-associations 
occur, then u ltim ate ly  the track w i l l  be discarded. A question arises 
as to  how long the sequence o f non-associations should be, but th is  is  
r e la t iv e ly  straightforward compared to  other questions. Thus i f i s  
the number o f non-associations needed fo r  death o f a p e r fe c t ly  healthy 
track, how many non-associations are needed fo r  a track which is  not as 
vigorous as the f i r s t ?  What permutations o f associations and non-associ­
ations lead to  death, and what c r it e r ia  are used to  determine good choices?
. %
Three d if fe r e n t  approaches w i l l  be presented in  la t e r  sections. One 
is  that a track can d ie i f  and only i f  i t  has su ffered  />*? successive non-^
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associations. Thus the h is to ry  o f the track, p r io r  to  the last/**? scans 
i s  neglected. We sh a ll la b e l th is  the /**ÿ-scheme.
Another formalism fo r  death w i l l  be in vestiga ted , too. In  the la t e r  
method, suggested by Nordsieck, a figu re  o f  m erit, ca lled  the firmness is  
kept on each track. A track is  scratched i f  the firmness f a l l s  below a 
given value. This method, ca lled  the f-scheme, has connections with the 
techniques o f sequential analysis, and certa in  problems o f f i r s t  passage 
times in  one-dimensional random walk theory. These connections w i l l  be 
exp lo ited  in  a systematic fashion in  a th ird  method, the g-scheme.
V. B irth  and Death Processes
The number o f tracks a t the end o f r  scans must be equal to  the number 
at the end o f r-1 scans, plus those that are born, minus those that d ie 
during the la s t  scan. The b ir th  process is  that given in  I I I  (b ) .  
a) The ra-Scheme
We f i r s t  introduce a notation which corresponds to  the age d is t r i ­
bution o f the population.
Let l )  be the number o f  tracks a t the end o f scan r  which
have su ffered i  successive non-associations. A track dies i f  1 — .
We thus have
y -  o
Now the number o f  tracks w ith  i  non-associations, at the end o f  scan r  is  
equal to that fra c tion  o f the number o f  tracks a t the end o f  scan r-1  which 
had i-1  non-associations and which have again been non-associated. Or
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Hence
>V^2;  **)  - ( / - J )  ^  -  * * ij  a).
Oar b ir th  and death equation can now be w ritten  as
(10)
+  $ [ y  7  e y f a - > ) j -  ( i d
Using Bq. (8 ) ,  we can w rite  Eq. (11) in  the form
srr? nr 1L. v ^
i) - <$ V  t  (' "t* ~*i J'  ~ f'76^  */*“*"; *J ^
or, using Eq. (9 ) ,  as
/  **9-/ d
Z. mU-*:6) 6ya) -
Let U { a )  -  * ’ & ; £ )  * We can then w rite  Eq. (13) in  the form
2 1  Oyt)*
(13)
(11*)
Eq. (l l* )  may be w ritten  more compactly as
2 T * ,*  ¿ 2 * - 2 =  <?a/
J *  O
where ^  k
CLJ =  - / £ / ' - / & ) '  < # ),
The homogeneous equation is  thus
(15)
✓  ±
(16)
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and, le t t in g  U s
x f x  +  fiyQ)x. *  C17)
, one has the au x ilia ry  equation
- 2m > 7 **^/?«.
We note f i r s t  that x = 1 i s  not a root o f Eq. (1 7 ), f o r  on substituting
> a .
x = 1 in  the equation one obtains
z 3
Hence, i f  x- ,^ . . . ,  x^ are the m roots o f  Eq. (1 7 ), then the general solu tion  
o f Eq. (15>) is  given by
—Q #  -  -  ^
(18)
o fa ) -
#+ 6 -<$) Ô **> ’ * -----^  ^s C * /  * 0 (19)
where the c o e ff ic ie n ts  are given by the in i t i a l  conditions.
One has, using Eq. (19) and the d e fin it io n  fo r  O / a . )  that
} Wlq  + (1 q m -x t *] J r , ** **
where ^  a  ^
The m values o f  are determined from the se t o f m lin e a r  equations
obtained by se ttin g  the f a   ^ given in  Eq. (20 ), to  the
corresponding values given by the b irth  process, Eq. (£ ) .
The quantity o f  greatest in te re s t  is  the equilibrium  population, namely
j i f  i t  e x is ts . The l im it  is  independent o f the , hence
they w i l l  not be treated  fu rth er.
That the l im it  does ex is t can be seen by noting that i f  xn be the
***** ^ x
•* ^  4
(20)
la rg es t rea l roo t o f Eq. (17 ) then _Pr  ^  ^
since2* 0  <  X, <  /  +
* 4 -/ 60
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One has, there fo re , from Eq. (20 ), that
m m  =  7 .
, and i f  , then one obtains the simple
re lationsh ip
( 21)
(2 2 )
I f  one were in terested  ju s t in  keeping the noise track population small 
then, arguing e ith er from Eq, (22) or d ir e c t ly , one would l ik e  m to be as 
small as possib le . Small values o f m w i l l  resu lt in  a high death rate fo r  
actual tracks, however; a ra tion a l choice o f m should depend, therefore, 
on the s ta t is t ic s  o f rea l as w e ll as noise tracks#
A va r ie ty  o f c r i t e r ia  may be used fo r  choosing m. We sha ll consider 
one in  th is  section , a c r ite r io n  adapted from the Neyman-Pearson methods 
in  s ta t is t ic s .
I t  may be w e ll to digress f o r  a moment and point out that what is  
desired i s  an e f f ic ie n t  s ta t is t ic a l  te s t  which w i l l  allow  one to  decide 
that a track is  signal or noise, ea r ly  in  the t r a c e s  h is to ry , which w i l l  
use add itional reports in  a re-examination o f the o r ig in a l decision , and 
which w i l l  permit the de letion  o f a track qu ick ly, a t the end o f the track* s 
life -sp a n .
The methods commonly used in  s ta t is t ic s  have not been designed with 
the above ends in  view, A decision is  reached concerning the presence or 
absence o f a s ignal e ith e r  a fte r  a fix ed  number o f observations (Neymann- 
Pearson t e s t )  or a fte r  a run o f  varying length (Sequential t e s t ) .  In  
e ith er case, however, add itional observations are not used, once a decision 
is  made,
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The adaptation o f the Neymann-Pearson methods fo llow s .
L e t Ho be the hypothesis that a track is  noise, and Hi, the a lte rn a tive  
hypothesis that i t  i s  s igna l. Let^/iy be the p rob ab ility  o f  committing an 
e rro r o f  the f i r s t  kind ( fa ls e  alarm) by accepting Hi when H0 i s  in  fa c t  
true, and le t^ / £ ^  be bhe P rob a b ility  o f  an e rro r o f the second kind (miss) 
which occurs by accepting H0 when Hi is  true.
Determination o f m
The p rob ab ility  that a s igna l track i s  bom , and then d ies a f t e r  
the next m time u n its , is  given by A simple way o f  deter*»
mining m is  to  l e t  m be the sm allest in teger , mo, which s a t is f ie s  the condition
The fa ls e  alarm p rob a b ility  w i l l  be given by
s * . ,  *  o ,  %  n  -
wouldA s im ilar method fo r  choosing m could be used, by f ix in g ^ ^  
then be determined, once m0 was found.
Other c r i t e r ia ,  which depend on the long terra behavior o f a track, 
rather than the in i t i a l  behavior, as given here, can be used, but are some­
what more complicated.
b ) The f-Scheme
At f i r s t  we sha ll discuss a pa rticu la r method in  d e ta il ,  namely 
the one suggested by Nordsieck in  R-35® The method is  generalized , and a 
ra tiona le  given fo r  i t  in  the next section ; the genera liza tion  is  la b e lled  
the g-scheme.
The ru les fo r  the f-scheme are as fo llow s :
(23)
(21))
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When a report f i r s t  comes in , which is  not associated, and which 
exceeds the second bias le v e l ,  then i t  i s  assigned a firmness 2. Every 
time a track is  non-associated, the firmness is  decreased by 1, u n t il,  
a t firmness 0 the track i s  scratched. Every time a track is  associated 
the firmness, f ,  is  increased by 2 u n til e ith er the firmness is  6 or 7*
I f  f  s 6, then a succeeding association  increases the firmness by 1, i f  
f  s 7 a succeeding association  does not a lt e r  the firmness.
I t  i s  c le a r  that these ru les may be in terpreted  as those fo r  an
\i
unequal step one dimensional random walk with one absorbing and one r e f le c t in g  
barrier®
L et be the number o f tracks a t the end o f  scan
S i. ( S i - * / )  w ith firmness f .  We have, using the ru les fo r  the firmness, 
that
js/sil f )  ®  js{s i -/j  /3 +-6-/Z) v  (a - i ;
3  ±
¿ fa z ) -  Oya) + $
(25)
(26)
p > ( a ; 0 -
^  / a  ;  ¿>) -  ( ? - /3)  p f a - f ; t)}
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and
j , / n :  j )  f a - / ; * )  7 ) '
(30)
A lso, by d e fin it ion
f* *
The system o f equations (25«30) represents the b ir th  and death process 
f o r  the f-scheme« The system may be reduced to  a s in g le  b ir th  and death 
equation by summing on f «  One obtains
¿ ( a )-  - ')]  + > - > ) - / / W * (3i)
The f i r s t  term in  the r igh t hand member o f Eq. (30 ) represents the tracks 
"bom ", the second term those that continue to l i v e ,  and the la s t ,  those 
that d ie «
Eq« (31 ) may be w ritten  more compactly as
j/ / aJ *  + < ? / / -  (32)
The system o f equations (25-30), or Eq« (3 2 ), together w ith the in i t i a l
»
conditions, is  a complete descrip tion  o f the b irth  and death process«
Before discussing the solu tions, l e t  us introduce the reduced variab les
*  f a )  40/foj'fJ  as the number o f tracks with
fiironess f  a t the end o f scan r ,  per un it o f  reports in  a scan«
Equations (25 «30) become
ST) f a  • f )  -  / 6  *9  /a /a  -/j  (33)
/  3 ± ¿ ± 4
/y? fa;z)-= Û -/ 2 ) s*?fa-JJ j )  **■ 0*9 f a  - ) ) JC3U)
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**  A ;  / J  = ^  - / ;
^  /a *o)-  $-/&)s*?fa -) ; fa
s *ifa j 7 J =//^ ^  ^  "6* ^
O S )
(36)
(37)
and s r ?
S im ila r ly , Eq. (32) becomes
M '  z . * * /« ;*y
s*7 fa ) -  Ô-/4*?} s*9 fa -)) /).
The in i t i a l  conditions nay be w ritten  as
"> >  / a ,  z )  *
f a  ? ) *  O  A i
(38)
(39)
m
The complete solution o f the system (33-38), or o f  Eq* (39) subject 
to the in i t i a l  conditions (UO) is  d i f f i c u l t  to  obtain an a ly tica lly *  
Numerical solutions have been obtained using the U n ivers ity  o f  I l l in o is  
D ig ita l  Computer fo r  4 > *  U  and various values o f ^ J  i the solutions 
are p lo tted  in  F ig* 2*
The equilibrium or asymptotic values may be obtained a n a ly t ic a lly  as 
fo llow s* I f  equilibrium values e x is t , then fo r  s u f f ic ie n t ly  la r g e s t » ,
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FIG.2 THE TOTAL NUMBERS OF TRACKS (IN REDUCED UNITS), n (r) 
VERSUS THE NUMBER OF SCANS, FOR VARIOUS VALUES OF £, 
WHEN Q»'/2
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is  independent o f r* Let
J-
/ i .
^ ¿ * + 1  * * 1  f a }  f)  ~
s  - *  CX> '
u ?  ~
(la)
7* *  /
The and hence are given as the solutions o f the system o f algebraic
equations
j (ia)
=  é-/s)«3 + (U3)
/O¿tj-j, * ¿ys)3 * 4 * 4(U*)
• / *  & ' (U5)
The system (li2-l*3>) i s  the lim it in g  form o f the system (33-38) when <^2. — o£  
i f  the lim its  ¿Lfi f P x /j • * 7„^ ex is t»
The ^  may be obtained using determinants. The d e ta ils , while 
laborious, are straightforward, and w i l l  not be given here* The resu lts are
i l f i (1*6)
where A f -
/ *  ;
(1*7)
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C O N F I D E N T I A L U9-25/37
Two values o f  IT  have been computed, using the above equations 
( < ? » / * .  and ) ,  and found to  agree w ith the corresponding
asymptotic values, shown in  F ig . 1, to w ithin
Note that the are independent, as they should be, o f the in i t i a l  
conditions imposed on the system; whatever the way in  which the steady 
state values are approached, the values are given by Eq. (1*6-£U).
A simple approximate expression fo r  the to ta l equilibrium track 
population may be obtained rea d ily  when^  ^ </. F ir s t ,  i t  can be noted 
that ^  and are much la rger  than the remaining 1 s when 
Secondly, the leading term in  D  is Hence
(55)
(56)
or V  = ¿ .Q
Xt i s  noteworthy but not surprising that w h e n t h e  equilibrium 
track population is  never more than a few times the number o f reports per 
scan, whether one uses the m-scheme (Eq. 23) or the f-scheme (Eq. £7 ), and 
gen era lly  i s  considerably less  than th is  number, when ¿P is  sm all. For 
wheny(3 is  very  small, then tracks which are in it ia te d  w i l l  be kept only 
the minimum number o f scans5 in  the m-scheme th is  is  m (o r  mo), and in  
the f-scheme th is  is  2.
(57)
C O N F I D E N T I A L
1*9-26/37 C O N F I D E N T I A L
VI* Birth and Death -  the g-Seheme
In  the previous section  the f-scheme was treated  without g iv in g  any 
ra tiona le  fo r  the method* Indeed, no a p r io r i ju s t i f ic a t io n  was advanced 
in  R-3£ fo r  the procedure! the f-scheme was Introduced as a reasonable method 
o f "keeping tabs" on tracks*
The f-scheme is  interpretable, however, as a special case o f the methods 
o f sequential analysis in  s ta t is t ic s , since one has a running count, or 
index, o f one*s degree o f confidence that the track is  an actual track*
The basic notion in  sequential analysis is  indeed ju st the one where 
one continues observations u n til e ith er  there Is  some c e rta in ty  that a 
"s ign a l" is  being observed, or that "no ise" i s  under observation» A running 
index is  kept on the sequence o f observations* I f  the index f a l l s  below a 
given value then the sequence is  put in to  the "no ise" category, i f  the 
index exceeds another given value then the sequence is  la b e lled  "s ig n a l" ,  
and i f  the index remains interm ediate between these two values then one
... I
is  "uncertain", and continues the observations* (See A* Wald "Sequential 
Analysis" fo r  a treatment o f the theory)*
I t  should be noted that once the index indicates that the sequence 
is  "noise", or "s ign a l", then the tes t terminates * The techniques maybe 
adapted to our purposes, however, by selecting a portion o f a track*s develop­
ment fo r  study* The deta ils are given In the follow ing paragraphs*
The rules defin ing the f-scheme fix ed  three parameters o f a sequential 
tests (a )  the in i t i a l  value o f f  (namely 2 ),  (b ) the ra t io  o f  the increase 
in  f  on association , to  the decrease in  f  on non-association, (2 s i ) ,  and 
(c )  the maximum value o f  f ,  (7 )*  S ettin g  zero as the value fo r  which a 
track is  scratched Involves no loss o f genera lity*
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A ready genera liza tion  o f  the f-scheme would use the fo llow in g  ru les:
1) On in it ia t io n ,  a track is  assigned the number 3 x
2) On each succeeding association  the index g is  increased by aj 
succeeding non-associations each decrease the index by / •
3) A track is  scratched when g *  o.
U) A track is  accepted as an actual track when g = g^.
5) g has a maximum value g = gjj.
The numbers g0, g^ and the ra t io  a// can be determined from the 
s ta t is t ic s  o f the behavior o f signals and o f noise, as w i l l  be done now. 
The value o f  gj$ w i l l  a lso be determined.
One may determine g j  from the condition that g j be the sm allest 
in teger
and '[both less  than \ ) be given, w here^^  is  the fa ls e
alarm p rob ab ility , and ^ is  the miss p rob ab ility , as b e fo re .
Define A a n d  by means o f the equations
S im ila r ly  g^ is  to  be the smallest in teger sa tis fy in g
C O N F I D E N T I A L
1*9-28/37 C O N F I D E N T I A L
In p rin c ip le  the maximum value o f  g, g^, should be vO , or a t le a s t  
a very  la rge  number, since some (v e ry  ra re ) tracks may continue to form 
associations fo r  long runs* One would l ik e  to  keep the number o f d ig its  
assigned to  g small, however, in  order to  reduce the s ize  o f the computer. 
Again one i s  faced w ith  some arb itrariness in  the choice o f a c r ite r io n .
The Neyman-Pearson method may be used to  determine g^ in  much the 
same way as the value o f iQq was obtained from inequ a lity  (2 3 ). Thus a 
rea l track having a maximum g value, g$j, w i l l  be considered a ten ta tive  
track i f  a t le a s t  gj  ^ -  g ^ ^ l  successive non-associations occur. I f  S 
is  assigned, then one may determine gjj from the condition that g^ be the 
smallest in teger sa tis fy in g
*  8.
Returning to  a descrip tion  o f the g-scheme, we may w rite  the system 
o f d iffe ren ce  equations .
i f  and ^  ^  â  /ty ~ '
W * ; a x  )  -- A  ■ " ’■‘ - ' S J , - * )
l f  <?-r- >  ÛL '  y 1 g j :  -  then
J>6>; Sx)=
also
(63)
(61*)
(63)
(66)
(67 )
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-  6-/£*/*->, 3+') ‘“ ’ 3 -* .
2*
-  v * )  -  Z -
Equations (6U-69) may be w ritten  in  reduced form as
->»A ;  a 1 -  / s  :^ J  *Aj * i 'r , \
'  a •> a*
* * »  ¿ *S $ s  J z/&  y r  ”  *  $x  * ' )  +  ^
- / &  ^
I f  then
fa ¡ S x ) ~  &'/&) **> fa m/ jjfjc ■*t ^) ~/<3¿p^¿/si -/J .
( 68)
(69)
(70)
(71)
(72)
(73)
and s y , { A  ; % )  =  ^ A ^ f a  t f  + ' )  „ * ± 3 *  *  W )
y  3 *  > a -*
then
^  J - faf «*-/J ±4 .-; (75)
j 2 > *
and, in  general, s  Z ^ i J  ¿J)  „ C76)
2  * /
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A particu la r example o f the above system has a lready been treated  in  
the f-scheme.
V II. S ignal to Noise Improvement
In  the previous sections the major emphasis has been put on the to ta l  
track population, mainly w ith the purpose o f determining the memory requ ire­
ments o f the tracking computer. Another question o f in te res t is  the e f fe c ­
tiveness with which the various b ir th  and death processes discrim inate between 
signal tracks, and noise tracks. In  order to judge the e ffec tiven ess  o f 
the discrim ination i t  i s  convenient to  introduce a measure o f performance,
I ,  the improvement o f s ignal to noise ra t io  fo r  the track populations.
Let ¿ ¿ 6 ^ )  be the number o f s ignal tracks which are considered to 
be rea l tracks a fte r  /L  scans, J the number o f noise tracks considered
to be rea l tracks a fte r  y i  scans, the number o f s ignal reports per
scan, and the number o f noise reports per scan. (The subscript 2
re fers  to a s ign a l, 1 to  n o is e .)
One defines the s ignal to  noise improvement, I ,  by
-L  -  ^ £ 0 1 ^ 7  — - — / .
✓ 2
(77)
Note that in  the d e fin it io n  o f  ^  ^  )  and hence
o f I ,  one considers only tracks which are accepted as being re a l, 
a) m-Scheme
Here a l l  tracks which have not su ffered  m successive non-associations 
are considered r e a l,  namely the to ta l track population. One has, using 
Eq. (2 0 ), that
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Eq. (78 ) becomes, when equilibrium populations e x is t ,
/3J ¿^2. . AlXi.+■ J
<9 i / -  &  S ' - "  (79)
For the case w h e r e ^ ^ ^ ^ ^ o n e  has
_ »  ¿ P z  _ /  / / -  ¿ p / j
■ Xli / . ( 8 0 )
4^/ ' 7 * ^ 4 *
Using the numbers ^  -  ' / S’ ~ A h  , A  ~ A ^  ' * * -  3 j
one finds that a 3 .  JS
b ) f  «Scheme
The acceptance le v e l  has not been given in  K-3i> fo r  th is scheme.
I f  we choose f  = 5> as the acceptance le v e l  ( a l l  f  fo r  which^T^7^— P  ) 
fo r  which tracks w i l l  be accepted as rea l tracks, then, using Eqs. (5>0-5U)> 
and changing the notation s l ig h t ly  one has
PaX  =■
i i n i n
-  ( z  * A /±  4 i ( 81)
Wien « /
(82)
/  Eq. (8 l) becomes
3
L /  \
$ i  C / ^ ^ a - '  / /  ¿ j z  ~ z  z
Using the same numbers as above, r ^ e ,  t > s / K / %  
one finds that X *  3 . 6
I t  is  noteworthy that the signal to  noise improvement factors are 
greater than 1 even though the equilibrium populations/*^ /oq) and
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are of  the same order of magnitude as the number o f signal reports, and 
noise reports, per unit time, respectively. I t  is  possible, therefore, 
to e ffe c t  an improvement in  signal to noise without imposing excessive 
memory requirements, 
c ) g-Scheme
The acceptance le v e l is  at g O n e  has, therefore, that
V II I .  Markov Chain Treatment o f Birth and Death
The b irth  and death process was formulated, in  previous sections^ in  
terms o f systems o f d ifference equations. Xn th is section we shall describe 
the b irth  and death process using the terminology o f Markov chains. Aside 
from the insight which another treatment may provide, the Maikov chain 
development enables one to unify the theory in  a general way, and to make 
approximations read ily .
We start with some defin ition s. A given track at a fixed  time may be 
considered to be in  just one o f a set o f states 3 ^  • - mj  . The
subscript may denote m minus the number o f successive non-associations which 
the track has undergone, at the fixed  time, i f  one is  discussing the m-scheme, 
the various values o f f ,  i f  the f-scheme is  being treated, or the corres­
ponding g-values, i f  the g-scheme is  considered.
We consider a matrix o f transition probab ilities U r n  H - P ,  
where M  is  the probab ility  that i f  a track is  in  state S j  at a 
given scan, i t  w i l l  be in  state at the end o f the next scan. The
matrix P  i s ,  fo r  the m-scheme, under the assumptions made heretofore
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P ° f y
fo r  the f-scheme is  given by
/ o  o  o  o  ®  & &
/ - A  0  o  £  & a 6 °
* 1* e * /*  i  * *
„  ”  " A  " A  *
£> d A
0 O ,
'e> £> £>
I a a
0 0 £ > £  
j  a e> &
1* * *  f
¿> /-&  * / &
0  Sy/£ / Q
and fo r  the g-soheme one has, labe llin g  P  by A >
(8W
(85)
( 86)
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The matrix P  i s ,  in  every ease, one which has just a single element 
equal to 1 (the remaining elements o f the row containing the 1 being neces­
sa r ily  zero)* Now fo r  a l l  the P  matrices given above the only states 
which are recurrent are the (s in g le ) states where and the corres­
ponding states are ergodic* Hence S / )  is  ergodic, in  the m as w ell as
*
in  the f -  and the g-schemes. A l l  other states are transient.
l e t  us define ^  as the probability that a track starting in  state 
w i l l  be in state 5 ^  a fte r  exactly r  scans*
One has
S L
(87)
We are now in  a position to formulate b irth  and death processes in 
terms o f Markov chains.
F irs t, i t  is  to be noted that a track is  *bomw in  state m S ^ and 
i t  w i l l  not be scratched unless i t  gets in to state ¿ i p  • One has, there­
fo re , that the probability o f a track bom at the end o f s e a n o t  being
^  ^ o - £ )
scratched by the end o f scan^  is  given by £ > y  ■ , where k is
/ J J
the to ta l number o f transient states.
Let /V /^J  be the number o f tracks bom at the end o f scan s.
Then ¿ ' / a )  , the to ta l track population, is  given by
. .  / » a  \ j - /  / J J
with j =/ y j * j y y ^  ^
Now the number o f tracks bom at the end o f scan / j  A / 0 ) depends 
lin ea r ly  on the to ta l track population at the end o f the previous scan, 
hence -  g
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with M  = ( ? / / >  We need only remark that and 8 ~ - / S 0  in  order
to complete the correspondence with previous work«
I t  follows, from Eq. (89) and Eq. (88) that
¿ ¿ f a *  -
s * y £ ~ t  / * * * * * / > • *  * * *
+ ///&)
We can introduce the reduced variable s y i ( / J  =  ^  and obtain,
from Eq. (90 ), the expressionI x u l u JZjU[ o \  y \ J  )  } u l l d c A I  c o b l U i l
or we can write our fundamental difference equation in the form
*  4  f a -o  *  4  ______  4  //>)
^ / A) - Z .  Z .  f i t , *  m
Furthermore we can obtain the j J from the equations
4  M - t )  fiL y . I _____ _ t / i )
j  ‘ j i u q
/✓ sj
(90)
(91)
(92)
(93)
-*7
Thus fa r  a l l  that has been done is  to re~cast our previous difference 
equations in  a new form. The usefulness o f the method becomes apparent 
when we attempt to obtain approximate solutions.
y  ■ //>)
We remark, f i r s t ,  that>^*^ P j< / ?  & £ o r  a l l  M  /A  which are transient, 
Hence, using Eq. (92) we have, fo r  ^
J
or
■+/£/r? fio  *  £
(9k)
(95)
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where a - 'i,  ¿ ‘ " ¡ g r » . )  '■ & .)
The solution o f Eq«> (95) is  given by
" M - s *  * £ * £ 2 *-
swhere a *  s l  ----- - ■■- -S**- /+ /$  7>~ S '
Therefore* the equilibrium population is
9
&)
(96)
s+7 /oc) / - y & t  ¡r/ ( 9 1 )
The approximation can be extended to any orders one obtains as the mth 
approximation to the equilibrium population
¿¿L2 2 .—M
'P '7 £ rn *>
(98 )
w h e r e b y ,  =  2 -  Po>, '
'  j b f ?m £>
S im ilarly the detailed age distribution  at equilibrium may be obtained}
from Eq* ( 9 3 )»  ^sing the above results,
'4-One has /s i j, -t i ) a t js \ W ' J  fyi.
srj /S ij J J =  ¿ _  j  —^ S  j /  j
j )  = 2 r f ! M
The signa l to noise improvement fa c to r * I ,  may be obtained immediately
'J l , ,
4 o£>: { ) / . (10 0 )
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A numerical computation o f the equilibrium population has been per­
formed using , various powers o f the matrix P, and
Eq« (98 ). I t  was found t h a t ^ ^  was in  error by«about 20% 9 £  *<by 
about 12%, by about 8& Thus the approximation is  fa i r ly  accurate,
in  this case, even fo r  small s*
Summary and Conclusions
Two quantities of in terest, the equilibrium population, and the signal 
to noise improvement factor, have been obtained fo r  some b irth  and death 
processes*
I t  is  to be noted that the equilibrium population is  o f about the 
same order of magnitude as the number o f reports per unit time i f  the 
to ta l number o f states is  less than 10, and i f ,  further, the probability 
o f an association is  small* The to ta l memory requirements may therefore 
be kept to reasonably small values i f  an e ffe c t iv e  method is  used fo r  
eliminating tracks*
In  particu lar, i f  we assume that S>00 real reports arrive per scan, 
and 5>00 noise reports arrive per scan (R-35) then the to ta l track popu­
la tion  carried by the sorting and tracking computer w i l l  be about 1000 
tracks, or less , (since Qjj w i l l  probably be much less than J)* The 
estimates given in  R-3!? appear to be quite reasonable, therefore*
I t  is  to be noted that the use o f the firmness as a running index leads 
to a smaller number o f tracks, and to larger signal to noise improvement 
factors than does the m-scheme (m«> 2)* The use o f a running index, as 
suggested in  R-35, also appears ju s tified *
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Footnotes
* (p . 11): "Average" and "expected" are to be interpreted as "mathematical 
expectation" throughout this paper. The terms "average" and 
"expected" w i l l  be omitted frequently*
* (p . 27): The assumption thato (  and ^  are both less than l/2 is  made 
fo r  convenience, and is  not necessary* See Wald fo r  further 
deta ils .
* (p . 3U)s See F e lle r  fo r  deta ils .
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